On the roots of Wiener polynomials of graphs by Brown, Jason I. et al.
On the Roots of Wiener Polynomials of Graphs
JASON I. BROWN∗
Department of Mathematics and Statistics
Dalhousie University, Halifax, NS, CANADA
jason.brown@dal.ca
LUCAS MOL and ORTRUD R. OELLERMANN†
Department of Mathematics and Statistics
University of Winnipeg, Winnipeg, MB, CANADA
l.mol@uwinnipeg.ca, o.oellermann@uwinnipeg.ca
Abstract
The Wiener polynomial of a connected graph G is defined as W (G;x) =
∑
xd(u,v),
where d(u, v) denotes the distance between u and v, and the sum is taken over all
unordered pairs of distinct vertices of G. We examine the nature and location of the
roots of Wiener polynomials of graphs, and in particular trees. We show that while
the maximum modulus among all roots of Wiener polynomials of graphs of order n
is
(
n
2
) − 1, the maximum modulus among all roots of Wiener polynomials of trees of
order n grows linearly in n. We prove that the closure of the collection of real roots
of Wiener polynomials of all graphs is precisely (−∞, 0], while in the case of trees, it
contains (−∞,−1]. Finally, we demonstrate that the imaginary parts and (positive)
real parts of roots of Wiener polynomials can be arbitrarily large.
MSC 2010: 05C31, 05C12
Keywords: Graph polynomials; Wiener polynomial; Polynomial roots; Wiener index;
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1 Introduction
Let G be a connected graph of order at least 2 and diameter D(G). The Wiener polynomial
of G is defined as
W (G;x) =
∑
xd(u,v),
where d(u, v) = dG(u, v) is the distance between u and v, and the sum is taken over all
distinct unordered pairs of vertices u and v of G. Thus if di(G) denotes the number of
pairs of vertices distance i apart in G, for i = 1, 2, . . . , D(G), then
W (G;x) =
D(G)∑
i=1
di(G)x
i.
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If G is clear from context, then we write di and D instead of di(G) and D(G), respectively.
Note that we restrict our discussions to connected graphs of order at least 2 throughout, so
that the Wiener polynomial is well-defined and nonzero. Adding loops or multiple edges
to a connected graph has no effect on the Wiener polynomial, so we lose no generality by
considering only simple graphs.
The successful study of the chromatic [13], characteristic [22], independence [20] and
reliability [4] polynomials of graphs has motivated the study of various other graph poly-
nomials. The Wiener polynomial was introduced in [17] and independently in [24], and
has since been studied several times (see [12, 14, 29, 31], for example). Unlike many other
graph polynomials (such as the chromatic, reliability and independence polynomials), the
Wiener polynomial can be calculated in polynomial time.
Interest in the Wiener polynomial first arose out of work on the Wiener index of a
connected graph, introduced in [30] and defined as the sum of the distances between all
pairs of vertices of the graph. It can readily be seen that the Wiener index of G is obtained
by evaluating the derivative of the Wiener polynomial of G at x = 1. The Wiener index of
a molecular graph is closely correlated with certain physical properties of the substance,
such as its melting and boiling point; see [15,23,27,30]. Applications of the Wiener index
have also been found outside of chemisty, for example in the design of architectural floor
plans [21].
Wiener polynomials of trees will be of particular interest to us, so we mention that the
Wiener polynomial of a tree also arises in the context of network reliability. Given a graph
G in which each edge is operational with probability p, the resilience or pair-connected
reliability ofG is the expected number of pairs of vertices ofG that can communicate [1,11].
In particular, in a tree T , the probability that any pair of vertices u and v can communicate
is simply pd(u,v). Therefore, the resilience of T is exactly W (T ; p).
In this article, we focus on the study of the roots of the Wiener polynomial of a graph
G, which we call the Wiener roots of G. The Wiener roots of all connected graphs of
order 8 are shown in Figure 1. Though the Wiener roots of some narrow families of
graphs were studied in [12], little is known about the nature and location of the Wiener
roots of graphs in general. Given that properties of the roots of other graph polynomials
have been well-studied, it is natural to study the roots of the Wiener polynomial in greater
depth.
Re(z)
Im(z)
Figure 1: The Wiener roots of all connected graphs of order 8.
Since W (G;x) = x(d1 + d2x + . . . + dDx
D−1), we see that x = 0 is a root of every
Wiener polynomial. The remaining roots are those of the polynomial Ŵ (G;x) = d1 +
d2x+ . . .+ dDx
D−1, which we will refer to as the reduced Wiener polynomial of G. Note
that the value of d1 is the number of edges, so that if the order of G is at least 2, then
0 is not a root of Ŵ (G;x) (and hence is a simple root of the original Wiener polynomial
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W (G;x)).
The layout of the article is as follows. In Section 2, we determine that
(
n
2
) − 1 is
the maximum modulus among all Wiener roots of connected graphs of order n, and we
describe the extremal graphs which have a root of this maximum modulus. In contrast, we
then show that for trees, the rate of growth of the maximum modulus is Θ(n). Finally, we
determine that 2n−2 is the minimum modulus among all nonzero Wiener roots of connected
graphs of order n, and again we are able to describe the extremal graphs (which are
trees). In Section 3, we prove that the closure of the collection of all real Wiener roots
of connected graphs is (−∞, 0], and that for trees, the closure of all real Wiener roots
still contains (−∞,−1]. In Section 4, we study the real and imaginary parts of Wiener
roots. We show that there are Wiener roots of trees with arbitrarily large imaginary part,
and that there are Wiener roots of trees with arbitrarily large positive real part. This
work culminates in a proof of the fact that the collection of complex Wiener roots of all
graphs is not contained in any half-plane (a region in the complex plane consisting of
all points on one side of a line and no points on the other side). Finally, we prove that
almost all graphs have all real Wiener roots, and we find purely imaginary Wiener roots.
Throughout, we compare and contrast our results with what is known about the roots of
other graph polynomials.
2 Bounding the Modulus of Wiener Roots
Bounding the modulus of roots of various graph polynomials has been a central point
of interest in the literature. For example, Sokal [25] settled an outstanding problem in
proving that the modulus of a chromatic root (a root of the chromatic polynomial) of a
graph of maximum degree ∆ is at most a constant times ∆. This implies that the modulus
of any chromatic root of a graph of order n is at most Cn for some positive constant
C; the precise value of the smallest such constant is still unknown. The independence
polynomial of a graph G is the generating function for the number of independent sets of
each cardinality in G. Among all graphs of order n and fixed independence number β,
the maximum modulus of an independence root is (n/β)β−1 + O
(
nβ−2
)
[7]. For the all-
terminal reliability polynomial, it is suspected that the collection of all roots is bounded in
modulus (as no roots have been found outside of the disk |z−1| ≤ 1.2). Currently the best
known upper bound on the modulus of the roots for all graphs of order n is linear in n as
shown in [6]. For the independence polynomials, the all-terminal-reliability polynomials
and the chromatic polynomials, the extremal graphs that yield roots of maximum modulus
are not known. In contrast we completely determine the extremal graphs for which the
Wiener polynomials, of all connected graphs of order n, have maximum modulus of any
root. To do so, we will make use of the classical Enestro¨m-Kakeya Theorem [19].
Theorem 2.1 (The Enestro¨m-Kakeya Theorem). If f(x) = a0 + a1x + . . . + anx
n has
positive real coefficients, then all complex roots of f lie in the annulus
r ≤ |z| ≤ R
where r = min
{
ai
ai+1
: 0 ≤ i ≤ n− 1
}
and R = max
{
ai
ai+1
: 0 ≤ i ≤ n− 1
}
.
As a straightforward application of the Enestro¨m-Kakeya Theorem, consider the path
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Pn of order n ≥ 3. The reduced Wiener polynomial of Pn is given by
Ŵ (Pn;x) =
n−1∑
i=1
(n− i)xi−1.
Thus by the Enestro¨m-Kakeya Theorem, the nonzero Wiener roots of Pn lie in the annulus
1 < n−1n−2 ≤ |z| ≤ 2. This improves a result from [12].
We now turn our attention to the collection of all Wiener roots of connected graphs of
order n. We find the exact maximum modulus among all roots in this collection, and we
describe the unique graph with a Wiener root of this maximum modulus.
Theorem 2.2. The maximum modulus among Wiener roots of connected graphs of order
n ≥ 2 is (n2)−1. Moreover, for n ≥ 3, Kn−e is the unique graph of order n with a Wiener
root of this modulus.
Proof. If G is a complete graph, then W (G;x) = nx, whose only root is 0. So we may
assume that G is not complete, and hence has order n ≥ 3 and diameter D ≥ 2. Let z be
any root of the reduced Wiener polynomial Ŵ (G;x) =
∑D
i=1 dix
i−1. By the Enestro¨m-
Kakeya Theorem,
|z| ≤ max
{
di
di+1
: 1 ≤ i ≤ D − 1
}
.
Since all the di are at least 1,
∑D
i=1 di =
(
n
2
)
, and D ≥ 2, we observe that
max {di : 1 ≤ i ≤ D} ≤
(
n
2
)− 1 and min {di : 1 ≤ i ≤ D} ≥ 1.
Hence, by the Enestro¨m-Kakeya Theorem, |z| ≤ (n2)− 1. Finally, we note that
W (Kn − e;x) =
((
n
2
)− 1)x+ x2
has a root at x = − ((n2)− 1). Moreover, if max{di/di+1 : 1 ≤ i ≤ D− 1} = (n2)− 1, then
D = 2, d1 =
(
n
2
)− 1 and d2 = 1, which implies that G ∼= Kn− e. We conclude that Kn− e
is the unique connected graph of order n ≥ 3 with a Wiener root of modulus (n2)− 1.
Thus, the growth of the maximum modulus among all Wiener roots of graphs of order
n is only Θ(n2). However, the problem is quite different for trees. We show now that
the growth rate of the maximum modulus among all Wiener roots of trees of order n is
Θ(n). We begin with a lemma that will allow us to apply the Enestro¨m-Kakeya Theorem
directly. Throughout, we use the fact that in any tree T , pairs at distance k correspond
exactly to paths of length k.
Lemma 2.3. Let T be a tree of order n ≥ 3 with diameter D. Then
dk(T )
dk+1(T )
≤ 2(n−D)
for 1 ≤ k < D.
Proof. We proceed by induction on n. If n = 3, then T ∼= P3, so D = 2, d1(T ) = 2, and
d2(T ) = 1. The result readily follows in this case.
Now assume, for some n > 3, that the result holds for all trees with n−1 vertices. Let
T be a tree of order n > 3 and with diameter D. Let 1 ≤ k < D. A simple induction on
n shows that d2 ≥ n− 2, so that
d1
d2
≤ n− 1
n− 2 = 1 +
1
n− 2 < 2 ≤ 2(n−D),
so we can assume k ≥ 2. There are two cases to consider.
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Case 1: There is a leaf v on a longest path of T such that T − v has diameter D.
Thus, D ≤ n−2. Let u be the neighbour of v in T and let T ′ = T −v. Let d`(T ′, u) denote
the number of paths of length ` ≥ 1 in T ′ that have u as end-vertex. Observe that since
v was on a diametral path of T (that is, a shortest path of length D(G)), there is some
path of length D − 1 extending from u in T ′, so d`(T ′, u) ≥ 1 for all l ∈ {1, 2, . . . , D − 1}.
Further, this implies that there are at most n− 1− (D − 1) = n−D vertices at distance
` from u in T ′ for ` ∈ {1, . . . , D − 1}. All together, we have 1 ≤ d`(T ′, u) ≤ n−D for all
` ∈ {1, 2, . . . , D − 1}. Using this fact and the induction hypothesis we see that
dk(T ) = dk(T
′) + dk−1(T ′, u)
≤ 2(n− 1−D)dk+1(T ′) + dk−1(T ′, u)
= 2(n− 1−D) [dk+1(T )− dk(T ′, u)]+ dk−1(T ′, u)
= 2(n− 1−D)dk+1(T )− 2(n− 1−D)dk(T ′, u) + dk−1(T ′, u)
≤ 2(n− 1−D)dk+1(T )− 2(n− 1−D) + n−D
≤ 2(n− 1−D)dk+1(T )− (n−D − 2)
≤ 2(n− 1−D)dk+1(T )
< 2(n−D)dk+1(T ).
This holds for all k, 2 ≤ k < D.
Case 2: If v is any leaf vertex on a longest path of T , then D(T − v) = D − 1.
It follows that there is a unique diametral path in T , say between leaves u and v, and both
u and v are adjacent to a vertex of degree 2 in T . Let T ′ = T − v, which has order n− 1
and diameter D − 1. If 2 ≤ k ≤ D − 2, then the induction hypothesis applies to T ′, and
the argument is similar to that of Case 1:
dk(T ) = dk(T
′) + dk−1(T ′, u)
≤ 2((n− 1)− (D − 1))dk+1(T ′) + dk−1(T ′, u)
= 2(n−D) [dk+1(T )− dk(T ′, u)]+ dk−1(T ′, u)
= 2(n−D)dk+1(T )− 2(n−D)dk(T ′, u) + dk−1(T ′, u)
≤ 2(n−D)dk+1(T )− 2(n−D) + n−D
≤ 2(n−D)dk+1(T )− (n−D)
< 2(n−D)dk+1(T ).
Suppose now that k = D − 1. Since T ′ has diameter D − 1, the induction hypothesis
does not apply as above. However, we know that dD(T ) = 1, so it suffices to show that
dD−1(T ) ≤ 2(n−D).
First, we show that every path of length D − 1 in T has an end in {u, v}. Suppose
otherwise that there is a pair of vertices {x, y} at distance D−1 in T , with {x, y}∩{u, v} =
∅. Let P : x = w1, w2, . . . , wD = y be the path between x and y, let Pu be the shortest
path from u to P , say meeting P in vertex wi and similarly define Pv as the shortest path
from v to P , meeting P in vertex wj ; without loss, i ≤ j (see Figure 2). As the path
between u and v is the unique diametral path, it must be the case that the path Pu is
at most the length of the path between x and wi (otherwise, the path between u and y
would be a second diametral path). Likewise, the path Pv is at most the length between
5
x = w1 wi−1 wi wi+1 wj−1 wj wj+1 y = wD
u v
Figure 2: The shortest x–y path meets the shortest u–v path.
v and wj . However, then the path between u and v would have length at most that of P ,
which is D − 1, a contradiction.
Thus every pair of vertices at distance D − 1 in T contains either u or v. But since
there is a path of length D between u and v, and exactly one vertex on this path is at
distance D−1 from u, there are at most n−D vertices at distance D−1 from u. Similarly,
there are at most n−D vertices at distance D−1 from v. Therefore, dD−1(T ) ≤ 2(n−D),
as desired.
Note that Lemma 2.3 implies immediately that dk(T )dk+1(T ) ≤ 2(n − 2) for any tree T of
order n ≥ 3 and any 1 ≤ k < D(T ), since D(T ) ≥ 2 for any tree of order at least 3. We
can prove a stronger result for trees of order n ≥ 5. We use the following notation. For
each 2 ≤ i ≤ bn2 c, let Di,n−i denote the double star of order n with i − 1 leaves attached
to one internal vertex and n− i− 1 leaves attached to the other (see Figure 3). Note that
all double stars of order n have this form for some 2 ≤ i ≤ bn2 c.
i− 1 n− i− 1
Figure 3: The double star Di,n−i.
Corollary 2.4. Let T be a tree of order n ≥ 5. Then
dk
dk+1
≤ 2(n− 4)
for 1 ≤ k < D, where D is the diameter of T .
Proof. By Lemma 2.3,
dk
dk+1
≤ 2(n−D)
for all 1 ≤ k < D, so if D ≥ 4 then we are done. Since n ≥ 5, we only need to consider
the cases D = 2 and D = 3.
Case 1: D = 2.
Then T ∼= K1,n−1, and
W (T ;x) = (n− 1)x+
(
n− 1
2
)
x2.
Thus d1d2 =
2
n−2 < 2(n− 4) for all n ≥ 5.
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Case 2: D = 3.
Then T = Di,n−i for some 2 ≤ i ≤ bn2 c. By straightforward counting, we find
W (Di,n−i;x) = (n− 1)x+
[(
i
2
)
+
(
n− i
2
)]
x2 + (i− 1)(n− i− 1)x3.
Thus
d1
d2
=
n− 1(
i
2
)
+
(
n−i
2
) < n− 1
2
≤ 2(n− 4) for n ≥ 5,
and
d2
d3
=
(
i
2
)
+
(
n−i
2
)
(i− 1)(n− i− 1) ≤
2
(
n−i
2
)
(i− 1)(n− i− 1) =
n− i
i− 1 ≤ n− 2 ≤ 2(n− 4) for n ≥ 6.
Finally, when n = 5, we necessarily have i = 2, and we compute directly that d2d3 = 2,
which satisfies the desired bound.
Now for any n ≥ 5, the upper bound of Corollary 2.4 is also an upper bound on the
modulus of any Wiener root of a tree of order n by the Enestro¨m-Kakeya Theorem.
Corollary 2.5. Let T be a tree of order n ≥ 5. If z is a Wiener root of T then |z| ≤
2(n− 4).
While we have observed that the bound of Corollary 2.5 is not tight for small values
of n, we demonstrate in the next theorem that there is a tree Tn (see Figure 4) of order
n that has a Wiener root whose modulus approaches
(
1 + 1√
2
)
n asymptotically. This
means that the growth of the maximum modulus, among all Wiener roots of trees of order
n, is Θ(n). We have verified that Tn is the unique tree with Wiener root of maximum
modulus among all trees of order n for 5 ≤ n ≤ 17, and suspect that this is true for all
n ≥ 5.
n− 5
Figure 4: The tree Tn.
Theorem 2.6. For n ≥ 6, the tree Tn has a real Wiener root in the interval(
−
(
1 + 1√
2
)
n+ 7,−
(
1 + 1√
2
)
n+ 8
)
.
Proof. Observe that
Ŵ (Tn;x) = n− 1 +
((
n−3
2
)
+ 2
)
x+ 2(n− 4)x2 + x3
In particular,
Ŵ
(
Tn;−
(
1 + 1√
2
)
n+ 7
)
=
(
3
4
√
2− 3
2
)
n2 +
(
−43
2
√
2 +
63
2
)
n+ 6,
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which is negative for n ≥ 6, and
Ŵ
(
Tn;−
(
1 + 1√
2
)
n+ 8
)
=
(
7
4
√
2− 1
2
)
n2 + (−36
√
2 + 29)n+ 63,
which is positive for all n. By the Intermediate Value Theorem, Ŵ (Tn;x), and hence
W (Tn;x), has a root in the interval
(
−
(
1 + 1√
2
)
n+ 7,−
(
1 + 1√
2
)
n+ 8
)
for all n ≥
6.
Having obtained an upper bound on the modulus of any Wiener root of a graph (or
tree) of order n, we now turn to a lower bound. Of course, the Wiener root of smallest
modulus among all connected graphs of order n is 0, as 0 is a root of every Wiener
polynomial, but what about the nonzero root of smallest modulus? Equivalently, what is
the smallest modulus of a root of the reduced Wiener polynomial of a connected graph
of order n? Below we prove a lower bound on the ratio of successive coefficients of the
Wiener polynomial which allows us to apply the Enestro¨m-Kakeya Theorem once more.
Lemma 2.7. Let G be a connected graph of order n ≥ 3 and diameter D ≥ 2. Then
dk
dk+1
≥ 2
n− k − 1
for 1 ≤ k < D.
Proof. Let k ∈ {1, . . . , D − 1}. We count ordered pairs (w, {u, v}), where d(u, v) = k
and either w is joined to u and at distance k + 1 from v, or w is joined to v and at
distance k + 1 from u; let Sk be the set of all such ordered pairs. Clearly, |Sk| is at most
(n− (k + 1))dk = (n− k − 1)dk, as for any pair of vertices {u, v} at distance k, the k + 1
vertices on any shortest path between u and v cannot serve as the point w.
On the other hand, for any pair of vertices x and y at distance k + 1, fix a path P of
this length between them, with vertex x1 adjacent to x on P , and y1 adjacent to y on P
(it may be the case that x1 = y1, if k = 1). Then we can form two distinct ordered pairs,
(x, {x1, y}) and (y, {x, y1}), both of which belong to Sk. Working over all pairs of vertices
at distance k+1, we generate 2dk+1 pairs through this process, and we claim that they are
all distinct. Note first of all that the first coordinate in any ordered pair generated in this
manner is adjacent to precisely one element of the second coordinate. Suppose that two
pairs {x, y} and {x′, y′} at distance k + 1 yield the same member of Sk, say (x, {x1, y}).
Then either x′ = x or y′ = x. Without loss of generality, assume that x′ = x. Since x
is adjacent to x1 and d(x
′, y′) = k + 1 > 1, it follows that y′ 6= x1, and thus y′ = y. We
conclude that
(n− k − 1)dk ≥ |Sk| ≥ 2dk+1.
Corollary 2.8. Among all connected graphs of order n ≥ 3, the graph K1,n−1 has nonzero
Wiener root of mimimum modulus 2n−2 . Moreover, K1,n−1 is the unique graph of order n
with a Wiener root of this modulus for all n ≥ 3.
Proof. Since W (K1,n−1;x) = (n − 1)x +
(
n−1
2
)
x2, the star K1,n−1 has a single nonzero
Wiener root − 2n−2 .
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Now let G be a connected graph of order n and size m. Let
r = min
{
dk
dk+1
: 1 ≤ k < D
}
.
From Lemma 2.7, dkdk+1 ≥ 2n−k−1 ≥ 2n−2 for all 1 ≤ k < D. Thus, by the Enestro¨m-Kakeya
Theorem, if z is a nonzero Wiener root of G, then
|z| ≥ r ≥ 2n−2 .
To see that the star is the unique connected graph of order n with a Wiener root of
modulus 2n−2 , it suffices to show that if G 6∼= K1,n−1, then r > 2n−2 . By Lemma 2.7,
dk
dk+1
≥ 2n−k−1 ≥ 2n−3 for all 2 ≤ k < D.
It remains only to show that d1d2 >
2
n−2 if G 6∼= K1,n−1. If G is not a tree, then d1 ≥ n and
d2 ≤
(
n
2
)− n = n(n−3)2 , so
d1
d2
≥ n
n(n−3)
2
= 2n−3 >
2
n−2 .
If G is a tree but G 6∼= K1,n−1, then G has diameter at least 3. So d1 = n − 1 and
d2 <
(
n
2
)− (n− 1) = (n−12 ). Hence,
d1
d2
>
n− 1
(n−1)(n−2)
2
= 2n−2 .
This completes the proof.
3 Density of Real Wiener Roots
From the work of Jackson [18] and Thomassen [28], it is known that the closure of the
collection of real chromatic roots of all graphs is {0, 1} ∪ [32/27,∞). In [5] it is shown
that the closure of the real roots of independence polynomials of graphs is (−∞, 0], and
in [3] it is proven that the closure of the collection of all real roots of all-terminal reliability
polynomials is {0}∪[1, 2]. Since the coefficients of the Wiener polynomial of any connected
graph are all positive, any real Wiener root lies in (−∞, 0]. The next result addresses the
density of the real Wiener roots in this interval.
Theorem 3.1. The collection of all real Wiener roots is dense in (−∞, 0], even when
restricted to graphs of diameter 2.
Proof. Let m,n be positive integers where n ≥ 3 and n − 1 ≤ m < (n2). Then there is a
graph of order n, size m and of diameter 2. Such a graph can be obtained by starting with
the star K1,n−1 and adding edges between any m − n + 1 non-adjacent pairs of vertices.
The Wiener polynomial for any graph H constructed in this way is given by
W (H;x) = mx+
((
n
2
)−m)x2.
This Wiener polynomial has root −m
(n2)−m
. We now show that the collection of all such roots
is dense in (−∞, 0].
9
Let a, b ∈ N. We construct a graph of diameter 2 with Wiener root −ab . Since the
negative rationals are dense in (−∞, 0], the result follows immediately. Let n = 2(a + b)
and m = a(2(a+b)−1). Note that n ≥ 3 and n−1 ≤ m < (n2). By the above observation,
there is a graph of diameter 2 on n vertices and m edges, which has Wiener root
−m(
n
2
)−m = a(2(a+ b)− 1)(a+ b)(2(a+ b)− 1)− a(2(a+ b)− 1) = −ab .
Next we consider a similar problem for trees: is the collection of real Wiener roots
of trees dense in (−∞, 0]? While this problem appears more difficult, we prove that the
closure of the collection of real Wiener roots of trees contains (−∞,−1]. We will use the
family of double stars in our proof, so we first prove that the Wiener roots of all double
stars of sufficiently large order are all real. Recall that for n ≥ 4 and 2 ≤ k ≤ bn/2c,
Dk,n−k denotes the double star of order n with two internal vertices adjacent to k− 1 and
n− k − 1 leaves, respectively (see Figure 3).
Lemma 3.2. Let n ≥ 15 and 2 ≤ k ≤ bn/2c. Then the Wiener roots of the double star
Dk,n−k are all real.
Proof. The Wiener polynomial of Dk,n−k is given by
W (Dk,n−k;x) = (n− 1)x+
((
k
2
)
+
(
n−k
2
))
x2 + (k − 1)(n− k − 1)x3.
The discriminant of the reduced Wiener polynomial Ŵ (Dk,n−k;x) is given by((
k
2
)
+
(
n−k
2
))2 − 4(n− 1)(k − 1)(n− k − 1).
By applying elementary Calculus to each of the two terms in this expression we see that((
k
2
)
+
(
n−k
2
))2 − 4(n− 1)(k − 1)(n− k − 1)
≥ ((n2 ) (n2 − 1))2 − 4(n− 1) (n2 − 1) (n− n2 − 1)
= 116(n
2 − 16n+ 16)(n− 2)2
> 0.
Thus we conclude that the Wiener roots of any double star of order n ≥ 15 are all real.
Using a computer algebra system it was verified that there are double stars of each
order 4 ≤ n ≤ 14 with nonreal Wiener roots; so we cannot avoid the assumption that
n ≥ 15 in the previous lemma. We are now ready to prove our result concerning the
closure of the collection of real Wiener roots of trees.
Theorem 3.3. The closure of the collection of real Wiener roots of trees contains the
interval (−∞,−1].
Proof. Let r = ab where a, b ∈ N. Let n = (2a + b)` for some ` ∈ N with ` ≥ 5 (so that
n ≥ 15), and define k = n2r+1 . Then
k =
n
2r + 1
=
(2a+ b)`
2ab + 1
= `b.
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So k is an integer and certainly 2 ≤ k ≤ n− 2. The Wiener polynomial of the double star
Dk,n−k is given by
W (Dk,n−k;x) = (n− 1)x+
((
k
2
)
+
(
n−k
2
))
x2 + (k − 1)(n− k − 1)x3.
From Lemma 3.2, all of the roots of Dk,n−k are real. Substituting k = n2r+1 into this
polynomial, and solving for the nonzero roots using the quadratic formula, and then
taking the limit of the left-most root as `→∞, we see that this root approaches −r− 14r .
Therefore, the set of limit points of real Wiener roots of double stars contains the
set
{−r − 14r |r ∈ Q+}. Using elementary calculus it can be shown that the real-valued
function f(x) = −x − 14x , for x > 0, attains its maximum value of −1 at r = 12 . We
see immediately that there is a double star with Wiener root as close as we wish to −1.
Moreover, limx→∞ f(x) = −∞. Thus for every y ∈ (−∞,−1) there is an x ∈ (1/2,∞)
such that f(x) = y. Since f is continuous on (1/2,∞) there is for every  > 0 a δ > 0 such
that if x ∈ (x− δ, x+ δ), then |y − f(x)| < . Since the rational numbers are dense in the
real numbers, there is a rational r ∈ (x− δ, x+ δ). Thus |y − f(r)| < . Hence there is a
double star with a root as close as we wish to a given real number in (−∞,−1].
4 Imaginary and Real Parts of Wiener Roots
We now consider the collection of all complex Wiener roots of graphs, and focus on the
imaginary and real parts. We have already seen that there are real Wiener roots of
arbitrarily large modulus, but we have only seen examples of arbitrarily large negative
real Wiener roots. In this section we show that there are Wiener roots with arbitrarily
large positive real part and that there are Wiener roots with arbitrarily large imaginary
part (even if we restrict to trees). The family of “brooms” is useful for proving these
results. For integers n > k ≥ 3 the broom Bk,n−k of order n having a handle of order k is
obtained from a path of order k by joining n− k leaves to exactly one of its end-vertices.
n− k
k
Figure 5: The broom Bk,n−k.
Proposition 4.1. There are connected graphs (even trees) with Wiener roots having ar-
bitrarily large imaginary part.
Proof. For n ≥ 4, let Gn denote the graph obtained from Kn−1 − e by attaching a leaf to
one of the vertices of degree n− 3. Then
W (Gn;x) =
(
n− 1
2
)
x+ (n− 2)x2 + x3,
which has nonzero roots
−n2 + 1± 12
√
2n− n2,
11
whose imaginary parts tend to ±n2 asymptotically.
It remains to show that there are trees with Wiener roots having arbitrarily large imag-
inary part. We consider a collection of brooms to achieve this result. Using straightforward
counting techniques, we find
W (B4,n−4;x) = (n− 1)x+
((
n−3
2
)
+ 2
)
x2 + (n− 3)x3 + (n− 4)x4.
Using a computer algebra system, we obtain explicit expressions for the roots of the
reduced Wiener polynomial Ŵ (B4,n−4;x) in terms of n. These include a pair of nonreal
roots an ± bni for which
lim
n→∞
bn√
n
= 2−1/2.
It follows that the largest imaginary part of a Wiener root of a connected graph of
order n is Ω(n), while the largest imaginary part of a Wiener root of a tree of order n is
only known to be Ω(
√
n).
We now consider the positive real part of Wiener roots. We first summarize what we
know for connected graphs and trees of small order; this information has been verified
using a computer algebra system. For n ≤ 5, we found that there are no graphs of order
n with Wiener roots having positive real part. For 6 ≤ n ≤ 9, the connected graph with
Wiener root of largest positive real part is the path Pn, and in fact, for 6 ≤ n ≤ 15,
the tree with Wiener root of largest positive real part is Pn. We have already mentioned
that the Wiener roots of Pn all have modulus at most 2 (and hence real part at most
2). However, we found that the trees of order n with the Wiener root of largest positive
real part are not paths for n = 16 and n = 17 (see Figure 6 and Figure 7, respectively).
We show below that the largest positive real part of a Wiener root of a connected graph
(or tree) of order n has growth rate Ω( 3
√
n). As for Proposition 4.1, a particular family of
brooms is used.
Figure 6: The tree of order 16 with a Wiener root of largest positive real part.
Figure 7: The tree of order 17 with a Wiener root of largest positive real part.
Proposition 4.2. There are connected graphs (even trees) with Wiener roots having ar-
bitrarily large positive real part.
Proof. Using straightforward counting techniques, we find
W (B5,n−5;x) = (n− 1)x+
((
n−4
2
)
+ 3
)
x2 + (n− 3)x3 + (n− 4)x4 + (n− 5)x5.
Using a computer algebra system, we obtain an explicit expression for the roots of the
reduced Wiener polynomial Ŵ (B5,n−5;x) in terms of n. These include a pair of nonreal
roots an ± bni for which
lim
n→∞
an
3√n = 2
−4/3.
12
Taken together, Theorem 3.3, Proposition 4.1, and Proposition 4.2 imply that the
collection of Wiener roots of all connected graphs (or trees) is not contained in any half-
plane; a region in the complex plane consisting of all points on one side of a line (and no
points on the other side). This is at least weak evidence that the collection of all complex
Wiener roots may be dense in the entire complex plane, even if we only consider trees.
Theorem 4.3. The collection of complex Wiener roots of all graphs (or trees) is not
contained in any half-plane.
Proof. Suppose otherwise that the Wiener roots of all trees are contained in some half-
plane H. If H is described by a horizontal line, this contradicts Proposition 4.1, since
complex roots of polynomials with real coefficients come in conjugate pairs. Otherwise,
H is described by a line that intersects the real axis. We have two cases.
Case 1: Some interval (−∞, a) of the real line is not contained in H.
This contradicts Theorem 3.3.
Case 2: Some interval (b,∞) of the real line is not contained in H.
Then at least one of the quarter planes {z ∈ C : Re(z) > b and Im(z) ≥ 0} or {z ∈
C : Re(z) > b and Im(z) ≤ 0} is not contained in the half-plane. Since complex roots of
polynomials with real coefficients come in conjugate pairs, this contradicts Proposition 4.2.
We close this section with some interesting observations. Firstly, we note that there are
graphs with purely imaginary Wiener roots. Figure 8 contains the graph of smallest order
that has a purely imaginary Wiener root, and Figure 9 shows the tree of smallest order
with i as a Wiener root. This observation is interesting in light of the fact that although
chromatic roots are known to be dense in the complex plane, it is widely suspected that
there are no purely imaginary chromatic roots [2]. Moreover, it is not known whether
there are independence or reliability polynomials with purely imaginary roots.
Figure 8: Smallest graph with a purely imaginary Wiener root.
Figure 9: Smallest tree with i as a Wiener root.
Finally, we discuss graphs whose Wiener roots are all real. The property of having
all real roots is of interest combinatorially, since if the roots of a (real) polynomial with
positive coefficients are all real, then the sequence of coefficients is log-concave, and hence
unimodal – see [26], for example. This condition has facilitated several proofs that certain
graph theoretical sequences are log-concave. For example, it was used to prove that the
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sequence of coefficients of the independence polynomial (the number of independent sets
of each cardinality) of any clawfree graph is log-concave [10].
The Wiener roots of any graph of diameter 2 are all real (as the corresponding reduced
Wiener polynomial is linear). Since it is well-known that almost every random graph
G ∈ G(n, p) for fixed p ∈ (0, 1) has diameter 2, we conclude that the Wiener roots of
almost all graphs are real. On the other hand, we have seen that there are infinitely
many graphs with nonreal Wiener roots. In contrast, for other graph polynomials, either
almost all graphs have a nonreal root (as is the case for the chromatic [9] and independence
polynomial [8]) or the roots are always real (as is the case for the matching polynomial [16]).
5 Open Problems
We conclude with a number of open problems. First, while we have maximized the modulus
of Wiener roots of connected graphs of order n, and found the extremal graphs, our solution
for trees is only asymptotic.
Problem 5.1. What is the tree of order n with the Wiener root of largest modulus?
Calculations suggest that the extremal graph is the tree Tn shown in Figure 4.
While we have determined the closure of the real Wiener roots of graphs in general,
we have not completed the discussion for trees. We propose the following.
Problem 5.2. Is the closure of real Wiener roots of trees the entire interval (−∞, 0]?
While we have found many Wiener roots in the interval (−1, 0), we have been unable to
prove that the closure contains this interval.
On a related note, the closure of the collection of all complex Wiener roots is intriguing.
We have observed that the Wiener roots of almost all graphs are real, however, we also
demonstrated that the collection of complex Wiener roots is not contained in any half-
plane, even if we restrict ourselves to trees.
Problem 5.3. Is the closure of the collection of Wiener roots of connected graphs (or
trees) the entire complex plane?
At this time, we do not know if the closure of the collection of complex Wiener roots
contains a set of positive measure.
We have shown that the minimum real part of a Wiener root of a graph of order n
is precisely − ((n2)− 1). Currently the best result we have for the maximum positive real
part, and the maximum (and minimum) imaginary parts are growth rates of Ω( 3
√
n) and
Ω(n), respectively.
Problem 5.4. What connected graph of order n has a Wiener root of (i) largest real part?
and (ii) of largest imaginary part? What are the rates of growth (as a function of n) of
these parameters?
We have already seen that the roots of Wiener polynomials of almost all graphs are
all real, since almost all graphs have diameter 2, and any graph of diameter 2 has all
real Wiener roots. We have also shown that the roots of the Wiener polynomials of all
trees of order n ≥ 15 and diameter 3 are real. In fact, there are trees of arbitrarily large
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diameter for which the Wiener roots are all real (and rational). We describe such a family
of trees recursively. Suppose T0 is a tree with all real Wiener roots; for example, P3 has
this property. Let T1 be the tree obtained from T0 by adding a leaf to each of its vertices.
Then
W (T1;x) = x
2W (T0;x) + 2xW (T0;x) +W (T0;x) = (x+ 1)
2W (T0;x)
and D(T1) = D(T0) + 2. If Tk has been defined for some k ≥ 1, then let Tk+1 be obtained
from Tk by joining a leaf to each of its vertices. Then each Tk has only real roots and
D(Tk) = D(T0) + 2k. If T0 is chosen in such a way that it has only rational roots, then
Tk in fact has only rational roots.
Problem 5.5. What graphs have the property that their Wiener roots are all real? What
trees have this property?
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